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Abstract
The a-continued fraction is a modiﬁcation of the nearest integer continued
fractions taking n as the integer part of y when yA½n  1þ a; n þ aÞ; instead of the
nearest integer. For xA½a 1; aÞ; we have the following a-continued fraction
expansion:
x ¼
e1j
jc1
þ
e2j
jc2
þ
e3j
jc3
þ?
with cnX1 and en ¼71 for nX1: We prove the Borel–Bernstein theorem for a-
continued fractions and also discuss some metrical properties related to
max1pnpN cn: Indeed, we prove that
lim inf
N-N
log logN max1pnpN cn
N
and lim
N-N
PN
n¼1 cn max1pnpN cn
N logN
exist and have the same constant for almost every x:
r 2002 Elsevier Science (USA). All rights reserved.
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1. Introduction
For a real number xA½0; 1Þ; the regular continued fraction expan-
sion (r.c.f. expansion) of x is given by the following map of I1 ¼ ½0; 1Þ
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onto itself:
T1ðxÞ ¼
1
x

1
x
 
for xAI1\f0g and T1ð0Þ ¼ 0;
where ½y
 denotes the integer part of a real number y; i.e. ½y
 ¼ n when
yA½n; n þ 1Þ: We put
an ¼ anðxÞ ¼ ½ðTn11 ðxÞÞ
1

and have the following r.c.f. expansion of x:
x ¼
1 j
ja1
þ
1 j
ja2
þ
1 j
ja3
þ? :
It is well known that the ergodic absolutely continuous invariant probability
measure is given by
dm ¼
1
log 2
1
1þ x
dx;
see [3]. One of the basic facts is that anðxÞ is not integrable with respect to m:
So we cannot apply the individual ergodic theorem to the stochastic process
fang: In spite of this fact, there are a number of metrical theorems on fang:
First, we mention the following (Borel–Bernstein theorem): anðxÞXfn holds
for inﬁnitely many n (a.e.) if and only if
P
1
fn
¼N for a positive sequence
ffng: Next, we mention that the weak law of large numbers holds if we
divide the partial sum by N log N instead of by N; essentially due to
Khintchine:
1
N log N
XN
n¼1
an-
1
log 2
in measure;
e.g. see [6]. There are also some almost everywhere properties. Let LN ¼
max1pnpN an: For a.e. x we have
lim inf
N-N
log log NLN
N
¼
1
log 2
;
see [10], and
lim
N-N
PN
n¼1 an  LN
N log N
¼
1
log 2
;
see [6].
In this paper, we consider these properties for other continued fraction
expansions, called a-continued fractions (a-c.f.). The idea of a-c.f. comes
from the nearest integer continued fractions (n.c.f.). We put ½y
1=2 ¼ n when
yA½n  1
2
; n þ 1
2
Þ and deﬁne the following map:
T1=2ðxÞ ¼
1
x

 1x


 
1=2
ð1Þ
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for xAI1=2 ¼ ½12;
1
2Þ: Here we set T1=2ð0Þ ¼ 0: We put
en ¼ enðxÞ ¼
1 when xo0;
þ1 when xX0
(
and
cn ¼ ½jTn11=2 ðxÞj
1
1=2:
Then we get the following expansion, which we call the n.c.f. expansion of x:
x ¼
e1j
jc1
þ
e2j
jc2
þ
e3j
jc3
þ?; cnX2:
The a-c.f. expansion of x is induced by ½y
a ¼ n when yA½n  1þ a; n þ aÞ
for 1
2
pap1 and the map Ta of Ia ¼ ½a 1; aÞ is deﬁned by the same as (1).
Then we have a continued fraction expansion of x in the same way and call
it a-c.f. expansion of x: So if a ¼ 1 or 1
2
; it is the r.c.f. expansions or the n.c.f.
expansions, respectively. The fundamental properties of the a-c.f. were
discussed in Nakada [9] together with some ergodic properties of Ta:
Moreover, Bosma et al. [5] and Kraaikamp [7] discussed some further
properties about the a-c.f. In particular, Kraaikamp [7] gave a good
explanation about the relation between the r.c.f. and the a-c.f. Indeed, he
showed that the a-c.f. expansion is obtained from the r.c.f. expansion via an
induced transformation of the natural extension transformation of T1; see
[9] about the natural extension. Recently, Kraaikamp and Nakada [9]
showed that the notion of the normal numbers for the n.c.f. is equivalent to
that of the r.c.f. and the same holds for the a-c.f. normality, 1
2
oao1: This
shows that a is a-normal for almost every a; 1
2
oao1:
In the metrical theory of the r.c.f., the notion of ‘‘continued fraction
mixing’’ (cf-mixing) plays an important role, see [1,2] for its deﬁnition. For
a; 1
2
oao1; we cannot expect this property because of the fact that Ta is not a
Markov map for a.e. a; 1
2
oao1: So we cannot prove metrical theorems such
as those in Philipp [10], Diamond and Vaaler [6] and Vardi [13] following
their methods, since their methods were based on the cf-mixing property.
We will show that some metrical properties, mentioned above, also hold
for any a-c.f., 12pao1; without using the cf-mixing property. Our idea is that
making use of Kraaikamp’s singularization, see [7] and also [8], which gives
the explicit relations between the r.c.f. coefﬁcients and the a-c.f. coefﬁcients.
In Section 2, we give the explicit deﬁnition of the a-c.f. transformation Ta
with some fundamental facts. The main aim of Section 2 is to give a Borel–
Bernstein type theorem for the a-c.f., see [11, 12.4.2] in the case of the r.c.f.
Because we cannot assume the Markov property (and also the cf-mixing),
the classical proof, see [3] or [11] for example, does not work in this case. So
we use a weak version of Borel–Cantelli lemma. In Section 3, we explain an
algorithm arising from the singularization, which gives the r.c.f. from the
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given a-c.f. Then, in Section 4, we proof the a-c.f. version of the metrical
theorems by Philipp [10] and Diamond and Vaaler [6]: for almost every x;
we have
lim inf
N-N
log log N  LN
N
¼ Ca
and
lim
N-N
PN
n¼1 cn  LN
N log N
¼ Ca;
where LN ¼ max1pnpN cn and Ca is a constant which is given in Section 2
explicitly. We note that it is not so hard to have some other metrical
properties such as those in [6,13], together with our Borel–Bernstein theorem.
2. a-continued fractions
For 1
2
pao1; we put Ia ¼ ½a 1; aÞ and deﬁne a map Ta of Ia onto itself by
the following:
TaðxÞ ¼
1
x

 1x


 
a
for xAIa and Tað0Þ ¼ 0;
where ½y
a ¼ n if yA½n  1þ a; n þ aÞ: For xAIa; we put
enðxÞ ¼ sgn Tn1a ðxÞ;
cnðxÞ ¼
1
Tn1a ðxÞ


 
a
ðor ¼N if Tn1a ðxÞ ¼ 0Þ
and have the following continued fraction, which we call a-continued
fraction expansion of x:
x ¼
e1j
jc1
þ
e2j
jc2
þ
e3j
jc3
þ?; cnX1:
There exists an absolutely continuous invariant measure ma for Ta; which is
given by
maðAÞ ¼ Ca
Z
A
haðxÞ dx;
where the density function ha and the normalizing constant Ca are
determined as follows:
Case (i): 1
2
pao
ﬃﬃ
5
p
1
2
;
haðxÞ ¼
1
xþGþ1; xA½a 1;
12a
a 
;
1
xþ2; xAð
12a
a ;
2a1
1a Þ;
1
xþG; xA½
2a1
1a ; aÞ
8><
>:
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and
Ca ¼ ðlog GÞ
1
with G ¼
ﬃﬃ
5
p
þ1
2
:
Case (ii):
ﬃﬃ
5
p
1
2
pao1;
haðxÞ ¼
1
xþ2; xA½a 1;
1a
a 
;
1
xþ1; xAð
1a
a ; aÞ
(
and
Ca ¼ ðlogð1þ aÞÞ
1:
Moreover, Ta is exact with respect to ma: It is easy to see that there exists a
positive constant K1 such that
K11 mðAÞomaðAÞoK1mðAÞ ð2Þ
for any Borel subset A of Ia; where m is the Lebesgue measure. Suppose that
fn is a sequence of positive numbers. We put
En ¼ fxAIa : cnðxÞXfng:
It is easy to see that
mðEnÞB
2
fn
ð3Þ
and then there exists a positive constant K2 such that
2
fn
oK2mðEnÞ
for any nX1: We put
Dk ¼ fxAIa : c1ðxÞ ¼ kg;
Dk;þ ¼ fxAIa : c1ðxÞ ¼ k; e1 ¼ þ1g;
Dk; ¼ fxAIa : c1ðxÞ ¼ k; e1 ¼ 1g:
For any kXL ¼ ½ 1
1a
a þ 1; we see
TaDk;þ ¼ TaDk; ¼ Ia:
Lemma 1. Suppose that fn-N: Then there exist a positive integer n0 and an
absolute constant K3 such that
mðEn-EnþtÞoK3mðEnÞmðEnþtÞ
for any integers nXn0 and tX1:
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Proof. We choose n0 so that fnXLX3 for any nXn0: We put
Fn ¼ fxAIa : c1ðxÞXfng ¼
[
kXfn
Dk ¼
[
kXfn
ðDk;þ,Dk;Þ:
Since
En ¼ Tðn1Þa Fn;
Enþt ¼ Tðnþt1Þa Fnþt;
we have
maðEn-EnþtÞ ¼ maðTðn1Þa Fn-Tðnþt1Þa FnþtÞ
¼ maðFn-Tta FnþtÞ
¼ maðfxAIa : c1ðxÞXfn; ctþ1ðxÞXfnþtgÞ
¼ ma
[
kXfn
ðDk-fxAIa : ctþ1ðxÞXfnþtgÞ
0
@
1
A
pK1m
[
kXfn
ðDk-fxAIa : ctþ1ðxÞXfnþtgÞ
0
@
1
A
¼K1
X
kXfn
Z
Dk;þ-fxAIa:ctþ1ðxÞXfnþtg
dx
 
þ
Z
Dk;-fxAIa:ctþ1ðxÞXfnþtg
dx
!
:
Here, we put y ¼ Tax ¼ j1xj  k for xADk;7: Since TaDk;7 ¼ Ia; we have
maðEn-EnþtÞpK1
X
kXfn
X
e1¼71
Z
fyAIa:ctðyÞXfnþtg
1
ðy þ kÞ2
dy
pK1
X
kXfn
2
ðk  1Þ2
mðfyAIa : ctðyÞXfnþtgÞ
pK1
L
L  2
2
fn
mðfyAIa : ctðyÞXfnþtgÞ
oK1
L
L  2
K2mðEnÞmðfyAIa : ctðyÞXfnþtgÞ: ð4Þ
Now we see
mðfyAIa : ctðyÞXfnþtgÞpK1maðfyAIa : ctðyÞXfnþtgÞ
¼K1maðEnþtÞ
pK21mðEnþtÞ: ð5Þ
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From (2), (4), and (5), we get
mðEn-EnþtÞoK41
L
L  2
K2mðEnÞmðEnþtÞ: &
Theorem 1 (Borel–Bernstein Theorem).
m
\N
n¼1
[N
k¼n
Ek
 !
¼ 1
if and only if XN
n¼1
1
fn
¼N; ð6Þ
equivalently,
xfnX1 : cnðxÞXfng ¼N a:e:
if and only if (6) holds.
Proof. If
PN
n¼1
1
fn
oN; then it follows from (3) and the Borel–Cantelli
lemma, e.g. see [4, Theorem 4.3], that mð
TN
n¼1
SN
k¼n EkÞ ¼ 0:
Next, we suppose that
PN
n¼1
1
fn
¼N: By (3), we have
PN
n¼1 mðEnÞ ¼N:
If there exists a subsequence fnkg such that fnkoL for some constant L;
then we see
mðEnk Þc
1
fnk
>
1
L
:
This implies
m
\N
l¼1
[N
k¼l
Enk
 !
> 0:
Now we assume that fn-N: By Renyi’s Borel–Cantelli lemma, e.g. see [12,
Lemma 5], and Lemma 1 in the above, we have
m
\N
n¼1
[N
k¼n
Ek
 !
> 0 equivalently m
\N
n¼1
[N
k¼n
Ek
 !
> 0:
It is clear that
TN
n¼1
SN
k¼n Ek is an element of the tail s-algebra of Ta: Thus,
the exactness of Ta implies mað
TN
n¼1
SN
k¼n EkÞ ¼ 1; since tail events have
measure either 0 or 1 in this case. Due to the fact that ma and m have the
same null-sets we ﬁnd that mð
TN
n¼1
SN
k¼n EkÞ ¼ 1: &
The following is an easy consequence of the above theorem:
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Corollary 1. Let fn be a positive nondecreasing sequence. Then
max
1pnpN
cnXfN
holds for infinitely many positive integers N (a.e.) if and only ifXN
n¼1
1
fn
¼N:
3. a-continued fractions and the regular continued fractions
In this section, we consider some relations between the a-continued
fractions and the regular continued fractions, which will be used in the proof
of theorems in the next section.
Lemma 2 (Kraaikamp [7]). The following holds for any g; Z; and x:
gþ
1
Zþ x
¼ g 1þ
1
1þ 1ðZ1Þþx
: ð7Þ
In particular, we have
1þ
1
Zþ x
¼
1
1þ 1ðZ1Þþx
: ð8Þ
Proof. The assertion follows from an easy calculation. &
Now we put
lnðxÞ ¼ xfk : 1pkpn; ekðxÞ ¼ 1g
for xAIa: With this class of functions ðln; nX1Þ; we deﬁne an algorithm, that
constructs the regular continued fraction expansion from the a-continued
fraction expansion.
Case (i): x > 0:
Suppose that we have the a-continued fraction expansion of x:
x ¼
e1j
jc1
þ
e2j
jc2
þ
e3j
jc3
þ? :
Then we deﬁne an; nX1 by the following way inductively. Since x > 0; we
have e1 ¼ 1 and we put a01 ¼ c1: Note that l1ðxÞ ¼ 0: Next, we suppose that
e1j
jc1
þ
e2j
jc2
þ
e3j
jc3
þ?þ
enj
jcn
¼
1 j
ja1
þ
1 j
ja2
þ
1 j
ja3
þ?þ
1 j
ja0nþlnðxÞ
:
We put anþlnðxÞ ¼ a
0
nþlnðxÞ and a
0
ðnþ1Þþlnþ1ðxÞ ¼ cnþ1 when enþ1 ¼ 1; here
lnþ1ðxÞ ¼ lnðxÞ: When enþ1 ¼ 1; we put anþlnðxÞ ¼ a
0
nþlnðxÞ  1; anþ1þlnðxÞ ¼
1; and a0ðnþ1Þþlnþ1ðxÞ ¼ cnþ1  1; here lnþ1ðxÞ ¼ lnðxÞ þ 1: By the equality (7) of
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Lemma 2, we have
e1j
jc1
þ
e2j
jc2
þ
e3j
jc3
þ?þ
enþ1j
jcnþ1
¼
1 j
ja1
þ
1 j
ja2
þ
1 j
ja3
þ?þ
1 j
ja0ðnþ1Þþlnþ1ðxÞ
:
Note that if en ¼ enþ1 ¼ 1; then cnX3: This shows anþlnðxÞ ¼ cn  2X1
even if en ¼ 1:
Case (ii): xo0:
In this case, e1 ¼ 1: Then from (8) of Lemma 2, we have
1þ x ¼
1j
j1
þ
1 j
jc1  1
þ
e2j
jc2
þ
e3j
jc3
þ?:
So we put a1 ¼ 1 and a2 ¼ c1  1; here l1ðxÞ ¼ 1: For the induction, we
suppose
1þ
e1j
jc1
þ
e2j
jc2
þ
e3j
jc3
þ?þ
enj
jcn
¼
1 j
ja1
þ
1 j
ja2
þ
1 j
ja3
þ?þ
1 j
ja0nþlnðxÞ
:
Then we can get anþlnðxÞ ¼ a
0
nþlnðxÞ and a
0
ðnþ1Þþlnþ1ðxÞ ¼ cnþ1 with lnþ1ðxÞ ¼ lnðxÞ
or anþlnðxÞ ¼ a
0
nþlnðxÞ  1; anþ1þlnðxÞ ¼ 1 and a
0
ðnþ1Þþlnþ1ðxÞ ¼ cnþ1  1 with
lnþ1ðxÞ ¼ lnðxÞ þ 1 as the same with the case (i).
It is easy to see the following.
Proposition 1. The above ðanÞ; nX1 gives the regular continued fraction
expansion of yþ x; that is,
yþ x ¼
1 j
ja1
þ
1 j
ja2
þ
1 j
ja3
þ?þ
1 j
jan
þ?;
where
y ¼ yðxÞ ¼
1 if xo0;
0 if xX0:
(
Remark. A new class of continued fractions, called S-expansions, was
introduced by Kraaikamp [7]. This notion includes a-expansions for
1
2
pap1: For any S-expansion of a real number x we can get its regular
continued fraction expansion by Lemma 2 in the similar way. For the
discussion of S-expansions, we need the ‘‘natural extension’’ of the regular
continued fractions, which was mentioned in the introduction. Here we do
not consider S-expansions in detail for making our discussion simpler.
4. Some properties concerning the local maximum coefﬁcients
In this section, we discuss some metrical properties related to the local
maximum of coefﬁcients cn: We use the following simple fact:
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maðfxAIa : e1ðxÞ ¼ 1gÞ ¼ mað½a 1; 0ÞÞ
¼
log 2log G
log G
when aA½1
2
; G1Þ
log 2logðaþ1Þ
log ðaþ1Þ when aA½G
1; 1Þ:
8<
:
By the ergodicity of Ta and the individual ergodic theorem, we have
lim
n-N
lnðxÞ
n
¼
log 2log G
log G
when aA½1
2
; G1Þ
log 2logðaþ1Þ
logðaþ1Þ when aA½G
1; 1Þ
8<
: ða:e:Þ: ð9Þ
First, we discuss the asymptotic behavior of the local maximum, which was
discussed by W. Philipp in the case of the regular continued fractions.
Theorem 2. For almost every xAIa;
lim inf
N-N
max1pnpN cn
N
log log N
¼ Ca:
Proof. By Proposition 1, we see that
max
1pnpN
cn ¼ max
1pmpNþlN ðxÞ
am þ d;
where d ¼ 0; 1 or 2: So we have
lim inf
N-N
max1pnpN cn
N
log log N
¼ lim inf
N-N
max1pmpNþlN ðxÞ am
NþlN ðxÞ
log logðN þ lNðxÞÞ
NþlN ðxÞ
log logðNþlN ðxÞÞ
N
log log N
:
The lim inf of the ﬁrst part of the right-hand side is equal to 1
log 2
(a.e.), see [9,
Theorem 1]. We calculate the limit of the second part:
lim
N-N
NþlN ðxÞ
log logðNþlN ðxÞÞ
N
log log N
¼ lim
N-N
log log N
log logðN þ lN ðxÞÞ
1þ
lNðxÞ
N
 
:
By (9) it follows
lim
N-N
1þ
lN ðxÞ
N
 
¼
1þ log 2log G
log G
when aA½1
2
; G1Þ
1þ log 2logðaþ1Þ
logðaþ1Þ when aA½G
1; 1Þ
8<
:
for almost every xAIa and that
lim
N-N
log log N
log logðN þ lN ðxÞÞ
¼ 1:
Thus, we get the assertion of the theorem. &
Remark. In the case of the regular continued fractions, a ¼ 1; this property
was conjectured by P. Erdo¨s with the wrong constant ‘‘1’’. Then Philipp [10]
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gave the afﬁrmative answer but with the constant ‘‘ 1log 2’’, which is the
normalizing constant of the density function of the invariant measure. As
stated in [10], we cannot get an analogous result for the lim sup: Indeed,
Corollary 1 of Theorem 1 shows the following, see [10]: for any increasing
sequence cn of positive numbers we have
lim sup
N-N
max1pnpN cn
cN
¼N ða:e:Þ;
if
P
1
cn
¼N; otherwise the lim sup is equal to 0 (a.e.).
Next, we show that a kind of the law of large numbers holds if we omit
the maximum coefﬁcient from the sum.
Theorem 3. For almost every xAIa;
lim
N-N
PN
n¼1 cn max1pnpN cn
N log N
¼ Ca:
Proof. From the algorithm which constructs ðanÞ; we haveX
1pnpN
cn ¼
P
1pmpNþlN ðxÞ am þ ðlN ðxÞ  1Þ if a 1pxo0;P
1pmpNþlN ðxÞ am þ lN ðxÞ if 0pxoa:
(
From this equality, we see thatPN
n¼1 cn max1pnpN cn
N log N
¼
PNþlN ðxÞ
m¼1 am þ lNðxÞ max1pmpNþlN ðxÞ am  d
ðN þ lNðxÞÞlogðN þ lNðxÞÞ

ðN þ lN ðxÞÞ logðN þ lN ðxÞÞ
N log N
;
where d ¼ 0; 1; 2 or 3: Now the ﬁrst part of the right-hand side tends to
1
log 2
ða:e:Þ
(see [6, Corollary 1]) and the second part tends to Ca log 2 (a.e.). The rest of
the proof is essentially the same as the previous one. &
Remark. If we put fn ¼ n log n log log n; Theorem 1 implies
lim sup
N-N
PN
n¼1 cn
N log N
¼N ða:e:Þ:
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On the other hand, Theorems 2 and 3 imply
lim inf
N-N
PN
n¼1 cn
N log N
¼ Ca ða:e:Þ:
Finally, we discuss the convergence in measure.
Theorem 4. We have
lim
N-N
PN
n¼1 cn
N log N
¼ Ca in measure:
Proof. We already see thatPN
n¼1 cn
N log N
¼
PNþlN ðxÞ
m¼1 am þ lN ðxÞ  d
ðN þ lN ðxÞÞlogðN þ lN ðxÞÞ
ðN þ lNðxÞÞlogðN þ lNðxÞÞ
N log N
;
where d ¼ 0 or 1: The second term converges to log 2Ca (a.e.). Now it is
enough to show that the ﬁrst term converges to 1
log 2
in measure, that is, for
any e > 0 and Z > 0; there exists a positive integer N1 such that
ma x :
PNþlN ðxÞ
m¼1 am
ðN þ lN ðxÞÞlogðN þ lN ðxÞÞ

1
log 2

oe
( )
> 1 Z
holds for any NXN1:
Since PM
m¼1 am max1pmpM am
M log M
converges to 1
log 2
(a.e.), there exists M0 such that
ma x :
PM
m¼1 am max1pmpM am
M log M

1
log 2

oe for any M > M0
( )
> 1 Z:
We put
U ¼ x :
P2N
m¼1 am
2N log 2N

1
log 2

oe
( )
;
V ¼ x :
PM
m¼1 am max1pmpM am
M log M

1
log 2

oe for any M > M0
( )
:
Then there exists N0 such that
maðUÞ > 1 Z for any NXN0:
We choose N1 ¼ maxfN0; M0g: Then for NXN1; we have
maðU-V Þ > 1 2Z:
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If
xAU-V ;
then
max1pmp2N am
2N log 2N
o2e:
Hence,
max1pmpNþlN ðxÞ am
ðN þ lN ðxÞÞlogðN þ lN ðxÞÞ
o5e;
here we may change N1 sufﬁciently large if necessary, andPNþlN ðxÞ
m¼1 am
ðN þ lN ðxÞÞlogðN þ lN ðxÞÞ

1
log 2

o6e:
Consequently, we have
ma x :
PNþlN ðxÞ
m¼1 am
ðN þ lN ðxÞÞlogðN þ lN ðxÞÞ

1
log 2

o6e
( )
> 1 2Z;
which shows the assertion. &
Remark. It is natural to ask whether the same properties hold for S-
expansions. However, we need the absolutely continuous ergodic invariant
measure for the shift on the coefﬁcients sequence space to consider this
question. In general, S-expansions are deﬁned from the induced transforma-
tion of the natural extension of the regular continued fraction transforma-
tion. Then we get the invariant measure as the induced measure. However,
the expansions are not necessary to be deﬁned by an interval map. This
makes us some difﬁculty in giving explicit description of our discussion. We
can generalize Theorems 2–4 under some conditions on S-expansions, being
S ﬁxed, with a different constant, which is the normalizing constant of the
invariant measure for the associated induced transformation. It is more
difﬁcult to get the Borel–Bernstein-type theorem for general S-expansions
since we need a kind of mixing property, see Lemma 1 for example, to get
this.
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